We develop a framework to study the exclusive two-body decays of bottomonium into two charmed mesons and apply it to study the decays of the C-even bottomonia. Using a sequence of effective field theories, we take advantage of the separation between the scales contributing to the decay processes, 2m b ≫ m c ≫ Λ QCD . We prove that, at leading order in the EFT power counting, the decay rate factorizes into the convolution of two perturbative matching coefficients and three non-perturbative matrix elements, one for each hadron. We calculate the relations between the decay rate and non-perturbative bottomonium and D-meson matrix elements at leading order, with next-to-leading log resummation. The phenomenological implications of these relations are discussed.
I. INTRODUCTION
The exclusive two-body decays of heavy quarkonium into light hadrons have been studied in the framework of perturbative QCD by many authors (for reviews, see [1] [2] ). These processes exhibit a large hierarchy between the heavy quark mass, which sets the scale for annihilation processes, and the scales that determine the dynamical structure of the particles in the initial and final states. The large energy released in the annihilation of the heavy quark-antiquark pair and the kinematics of the decay -with the products flying away from the decay point in two back-to-back, almost light-like directions-allow for rigorously deriving a factorization formula for the decay rate at leading twist (for an up-to-date review of the theoretical and experimental status of the exclusive decays into light hadrons, see [3] ).
For the bottomonium system, a particularly interesting class of two-body final states is the ones containing two charmed mesons. In these cases the picture is complicated by the appearance of an additional intermediate scale, the charm mass m c , which is much smaller than the bottom mass m b but is large enough to be perturbative. These decays differ significantly from those involving only light quarks. The creation of mesons that are made up of purely light quarks involves creating two quark-antiquark pairs, with the energy shared between the quark and antiquark in each pair. In the production of two D mesons, however, almost all the energy of the bottomonium is carried away by the heavy c andc, while the light quark and antiquark, which bind to thec and c respectively, carry away (boosted) residual energies.
The existence of well-separated scales in the system and the intuitive picture of the decay process suggest to tackle the problem using a sequence of effective field theories (EFTs) that are obtained by subsequently integrating out the dynamics relevant to the perturbative scales m b and m c .
In the first step, we integrate out the scale m b by describing the b andb with NonRelativistic QCD (NRQCD) [4] , and the highly energetic c andc with two copies of SoftCollinear Effective Theory (SCET) [5] [6] [7] [8] [9] in opposite light-cone directions. In the second step, we integrate out the dynamics manifested at scales of order m c by treating the quarkonium with potential NRQCD (pNRQCD) [10] [11] [12] , and the D mesons with a boosted version of Heavy-Quark Effective Theory (HQET) [13] [14] [15] [16] [17] [18] [19] . The detailed explanation of why the aforementioned EFTs are employed is of-fered in Sec. II. We will prove that, at leading order in the EFT expansion, the decay rate factors into a convolution of two perturbative matching coefficients and three (one for each hadron) non-perturbative matrix elements. The non-perturbative matrix elements are process-independent and encode information on both the initial and final states.
For simplicity, in this paper we focus on the decays of the C-even quarkonia χ bJ and η b that, at leading order in the strong coupling α s , proceed via the emission of two virtual gluons. The same method can be generalized to the decays of C-odd states Υ and h b , which require an additional virtual gluon. We also refrain from processes that have vanishing contributions at leading order in the EFT power counting. So the specific processes studied in this paper are χ b0,2 → DD, χ b0, 2 → D * D * , and η b → DD * + c.c. However, the EFT approach developed in this paper enables one to systematically include power-suppressed effects, making it possible to go beyond the leading-twist approximation.
The study of the inclusive and exclusive charm production in bottomonium decays and of the role played by the charm mass m c in such processes have recently drawn renewed attention [20] [21] [22] [23] , in connection with the experimental advances spurred in the past few years by the abundance of bottomonium data produced at facilities like BABAR, BELLE, and CLEO. The most notable result was the observation of the bottomonium ground state η b , recently reported by the BABAR collaboration [24] . Furthermore, the CLEO collaboration published the first results for several exclusive decays of χ b into light hadrons [25] and for the inclusive decay of χ b into open charm [26] . In particular, they Sec. V using two model distribution amplitudes. In Sec. VI we draw our conclusions.
II. DEGREES OF FREEDOM AND THE EFFECTIVE FIELD THEORIES
Several well-separated scales are involved in the decays of the C-even bottomonia η b and χ bJ into two D mesons, making them ideal processes for the application of EFT techniques.
The distinctive structures of the bottomonium (a heavy quark-antiquark pair) and the D meson (a bound state of a heavy quark and a light quark) suggest that one needs different EFTs to describe the initial and final states.
We first look at the initial state. The η b is the ground state of the bottomonium system. It is a pseudoscalar particle, with spin S = 0, orbital angular momentum L = 0, and total angular momentum J = 0. In what follows we will often use the spectroscopic notation 2S+1 L J , in which the η b is denoted by 1 S 0 . The χ bJ is a triplet of states with quantum 
where ψ and χ † annihilate a b quark and ab antiquark respectively, and · · · denotes higherorder contributions in 1/m b . In NRQCD several mass scales are still dynamical and different assumptions on the hierarchy of these scales may lead to different power countings for operators of higher dimensionality. However, as long as w ≪ 1, higher-dimension operators are suppressed by powers of w (for a critical discussion on the different power countings we refer to [12] ).
NRQCD still contains interactions that can excite the heavy quarkonium far from its mass shell, for example, through the interaction of a non-relativistic quark with a soft gluon.
In the case m b w ≫ Λ QCD , we can integrate out these fluctuations, matching perturbatively NRQCD onto a low-energy effective theory, pNRQCD. We are then left with a theory of nonrelativistic quarks and ultrasoft gluons, with non-local potentials induced by the integration over soft-and potential-gluon modes. The interactions of the heavy quark with ultrasoft (non-relativistic quarks and soft and ultrasoft gluons). In spite of the differences between the two formalisms, pNRQCD and vNRQCD give equivalent final answers in all the known examples in which both theories can be applied.
We now turn to the structure of the D meson. The most relevant features of the D meson are captured by a description in HQET. In HQET, in order to integrate out the inert scale m c , the momentum of the heavy quark is generically written as [15] 
where v is the four-velocity label, satisfying v 2 = 1, and k is the residual momentum. If one chooses v to be the center-of-mass velocity of the D meson, k scales as k ∼ vΛ QCD .
Introducing the light-cone vectors n µ = (1, 0, 0, 1) andn µ = (1, 0, 0, −1), one can express the residual momentum in light-cone coordinates, The bHQET Lagrangian is organized as a series in powers of Λ QCD /m c and, for residual momentum ultracollinear in the n-direction, the leading term is [18] L bHQET =h n iv · Dh n ,
where the field h n annihilates a heavy quark and the covariant derivative D contains ultracollinear and ultrasoft gluons,
The ultrasoft gluons only enter in the small component of the covariant derivative. This fact can be exploited to decouple ultrasoft and ultracollinear modes in the leading-order
TABLE I: Degrees of freedom in EFT I (NRQCD + SCET). w is the bb relative velocity in the bottomonium rest frame, while λ ∼ m c /2m b is the SCET expansion parameter. We assume
Lagrangian through a field redefinition reminiscent of the collinear-ultrasoft decoupling in SCET [7] [18]. The ultracollinear-ultrasoft decoupling is an essential ingredient for the factorization of the decay rate.
Therefore, the appropriate EFT to calculate the decay rate is a combination of pNRQCD, for the bottomonium, and two copies of bHQET, with fields collinear to the n andn directions, for the D andD mesons, symbolically written as EFT II ≡ pNRQCD + bHQET.
As we mentioned earlier, we plan to describe the bottomonium structure with a two-step The degrees of freedom of EFT II are summarized in Tab. II. When no subscript is specified in the rest of this paper, any reference to EFT applies to both EFT I and EFT II . To facilitate the power counting, we adopt w ∼ λ ∼ Λ QCD /m c . As a first study, we will perform in this paper the leading-order calculation of the bottomonium decay rates.
pNRQCD field momentum bHQET field momentum 
III. NRQCD + SCET

A. Matching
In the first step, we integrate out the dynamics related to the hard scale 2m b by matching the QCD diagrams for the production of a cc pair in the annihilation of a bb pair onto their EFT I counterparts. The tree-level diagrams for the process are shown in Fig. 1 . The gluon propagator in the QCD diagram has off-shellness of order q 2 = (2m b ) 2 and it is not resolved in EFT I , giving rise to a point-like interaction.
We calculate the diagrams on shell, finding
with, at tree level,
where t a are color matrices and the symbol σ µ denotes the four matrices σ µ = (1, σ), with σ the Pauli matrices. The subscript ⊥ refers to the components orthogonal to the lightcone vectors n µ andn µ . The fields ψ b and χ † b are two-component spinors that annihilate respectively a b quark and ab antiquark. χc n,n·p and χ c n, n·p are collinear gauge-invariant fermion fields:
where W n is defined as
Wn has an analogous definition with n →n. Collinear fields are labelled by the large component of their momentum. Note, however, we omit in Eq. (6) the subscripts n · p and n · p of the collinear fermion fields, in order to simplify the notation. The operatorn · P in the definition (8) is a label operator that extracts the large component of the momentum of a collinear field,n · P φ n,n·p =n · p φ n,n·p , where φ n,n·p is a generic collinear field. S n(n) is a soft Wilson line,
where the operator n · P acts on soft fields, n · P φ s = n · k φ s .
Since in SCET different gluon modes are represented by different fields, we have to guarantee the gauge invariance of the operator J EFT I under separate soft and collinear gauge
It has been shown in Ref. [7] that collinear fields do not transform 
B. Running
The matching coefficient C and the effective operator J EFT I depend on the renormalization scale µ. Since the effective operator is sensitive to the low-energy scales in EFT I , logarithms that would appear in the evaluation of J EFT I are minimized by the choice µ ∼ m c . On the other hand, since the coefficient encodes the high-energy dynamics of the scale 2m b , such a choice would induce large logarithms of m c /2m b in the matching coefficient. These logarithms can be resummed using RGEs in NRQCD + SCET.
The µ dependence of J EFT I is governed by an equation of the following form [32] ,
where the anomalous dimension γ EFT I is given by
and Z EFT I is the counterterm that relates the bare operator J to the renormalized one,
. Since the l.h.s. of Eq. (5) is independent of the scale µ, the RGE (10) can be recast as an equation for the matching coefficient C(µ),
The counterterm Z EFT I cancels the divergences that appear in Green functions with the insertion of the operator J EFT I . We calculate Z EFT I in the MS scheme by evaluating the divergent part of the four-point Green function at one loop, given by the diagrams in Figs.
-4.
FIG. 2: Soft diagrams at one loop.
Since in NRQCD we do not introduce different gluon fields for different momentum modes, "soft" and "ultrasoft" in Fig. 2 and Fig. 3 refer to the convention that we impose soft or The integrals are evaluated in dimensional regularization, with d = 4 − 2ε. We regulate the infrared divergences by keeping the non-relativistic b andb and the collinear c andc
To avoid double counting, we define the one-loop integrals with the 0-bin subtraction [33] .
Even with an off-shellness, the soft diagrams in Fig. 2 do not contain any scale and they are completely cancelled by their 0-bin.
The divergent part of the ultrasoft diagrams in Fig. 3 is
where 
The collinear diagrams are calculated with a 0-bin subtraction [33] , that is, we subtract from the naive collinear integrals the same integrals in the limit in which the loop momentum is ultrasoft. In this way we avoid double counting between the diagrams in Figs. 3 and 4.
Summing Eqs. (13) and (14) and adding factors of Z 1/2 ψ for each field,
the divergent piece becomes
The counterterm Z EFT I is chosen so as to cancel the divergence in Eq. (15),
From the definition (11), Eq. (16), and recalling that dα s /d ln µ = −2εα s + O(α 2 s ), the anomalous dimension at one loop is
An important feature of the anomalous dimension (17) is the presence of a term proportional to ln µ. Because of this term, the RGE (12) can be used to resum Sudakov double logarithms. As we will show shortly, the general solution of Eq. (12) can be written in the following form:
where g and U depend on the initial scale µ 0 and the final scale µ that we run down to. For an anomalous dimension of the form (17), U can be expanded as a series,
If µ/µ 0 ≪ 1, the most relevant terms in the expansion (19) are those with L = 0, which we call "leading logs" (LL). Terms with higher L are subleading; we call the terms with L = 1 "next-to-leading logs" (NLL), those with L = 2 "next-to-next-leading logs" (NNLL), and, if L = m, we denote them with N m LL. The RGE (12) determines the coefficients in the expansion (19) . With the anomalous dimensions written as
where γ(α s ) and Γ(α s ) are series in powers of α s ,
it can be proved that the coefficients of the LL, u n0 , are determined by the knowledge of Γ
and of the QCD β function at one loop. The NLL coefficients u n1 are instead completely determined if Γ and β are known at two loops and γ(α s ) at one loop.
In the case we are studying, the ratio of the scales µ/µ 0 ∼ m c /2m b is not extremely small. Indeed, as to be seen shortly, the numerical contributions of the LL and NLL terms in the series (19) are of the same size. It is therefore important to work at NLL accuracy, which requires the calculation of the coefficient of ln µ to two loops. The factors of ln µ are induced by cusp angles involving light-like Wilson lines and their coefficients are universal [34] . The cusp anomalous dimension Γ cusp (α s ) is known at two loops [34] ,
with
while the constant of proportionality between Γ(α s ) and Γ cusp (α s ) is fixed by the one-loop calculation. Since we have determined γ (0) ,
and the β function is known, we have all the ingredients to provide the NLL approximation for U(µ 0 , µ) and g(µ 0 , µ). Taking into account the tree-level initial condition in Eq. (6), Eq.
(18) determines the leading-order matching coefficient, with NLL resummation.
The solution (18) can be derived by writing Eq. (12) as
where we have used the definition of the β function, β(α) = dα/d ln µ, to write ln µ and d ln µ in terms of α. Integrating both sides from µ 0 to µ and exponentiating the result we find the form given in Eq. (18), with
At NLL, we find
and
where r = α s (µ)/α s (µ b ) and we have renamed the initial scale µ b , to denote its connection to the scale 2m b . In Eqs. (26) and (27) we have used the two-loop beta function,
In Eq. (26) we have kept the contributions of the real and imaginary part of γ (0) separated.
The imaginary part of γ (0) changes the phase of the matching coefficient C(µ), but this phase is irrelevant for the calculation of physical observables like the decay rate, which depend on the square modulus of C(µ). In Sec. V the factor U(µ b , µ) will be evaluated between the scales µ b = 2m b and µ = m c , with n f = 4 active quark flavors. The numerical evaluation
shows that the LL term, represented by the first term in the brackets in Eq. (26), is slightly smaller than and have the opposite sign of the term proportional to γ
Re , which dominates the NLL contribution. This observation confirms, a posteriori, the necessity to work at NLL accuracy in the resummation of logarithms of m c /2m b .
The RGE (12) and its solution (18) thus allow us to rewrite Eq. (5) as
which avoids the occurrence of any large logarithm in the matching coefficient or in the matrix element of the effective operator.
IV. pNRQCD + bHQET A. Matching
In the second step, we integrate out the soft modes by matching EFT I onto EFT II . In NRQCD + SCET, contributions to the exclusive decay processes are obtained by considering time-ordered products of J EFT I and the terms in the EFT I Lagrangian that contain softgluon emissions. The soft gluons have enough virtuality to produce a pair of light quarks travelling in opposite directions with ultracollinear momentum scaling. These light quarks bind to the charm quarks to form back-to-back D mesons. The total momentum of two backto-back ultracollinear quarks is 2m b Λ QCD /m c (1, 1, λ) and the invariant mass of the pair is D mesons has the following form: The EFT II operators that contribute to the decay of the P -wave states are
where
⊥ is a symmetric, traceless tensor,
At leading order in the EFT II expansion, the η b can only decay into a pseudoscalar and a vector meson, with an operator given by
For later convenience, in the definition of the effective operators (31) and (32) The tree-level matching coefficients are
Note that, at leading order in the EFT II expansion, the matching coefficient
is independent of the spin and polarization of the final states, or of the total angular momentum J of the χ b .
An important feature of bHQET is that the ultracollinear and ultrasoft sectors can be decoupled at leading order in the power counting by a field redefinition reminiscent of the collinear-usoft decoupling in SCET [7] [18]. For bHQET in the n direction, the decoupling is achieved by defining hc n → Y n hc n andξ 
An analogous redefinition with n →n decouples ultrasoft fromn-ultracollinear quarks and gluons. These redefinitions do not affect the operators in Eqs. (31) and (32) (ω,ω, µ), therefore, factorize as
⊥ }. The charge-conjugated contribution is understood in the η b case.
The quarkonium state and the D mesons in Eq. (35) have respectively non-relativistic and HQET normalization:
where v 0 is the 0th component of the 4-velocity v µ .
The D-meson matrix elements can be expressed in terms of the D-meson light-cone distribution amplitudes:
where ε µ ⊥ is the transverse polarization of the vector meson. The constants F A (µ ′ ), with A = {P, V L , V T }, are related to the matrix elements of the local heavy-light currents in coordinate space. In the heavy-quark limit, where D and D * are degenerate, F A is the same for all the three states:
At tree level, the matrix element is proportional to the D-meson decay constant f D = 205.8 ± 8.5 ± 2.5 MeV [35] . More precisely, F (µ
where the factor √ m D is due to HQET normalization. The scale dependence of F is determined by the renormalization of heavy-light HQET currents. At one loop, Ref. [32] showed that
The pNRQCD matrix elements can be expressed in terms of the heavy quarkonium ⊥ ψ b instead has only contributions with J = 2 and J z = ±2 and therefore it only overlaps with χ b2 . In terms of the bottomonium wavefunctions, the pNRQCD matrix elements are expressed as
where R ′ χ bJ (0) is the derivative of the radial wavefunction of the χ bJ evaluated at the origin.
At leading order, the pNRQCD Hamiltonian does not depend on J, so, up to corrections of
(0). The numerical pre-factors in Eqs. (41) and (42) follow from
µν is the polarization tensor of the χ b2 state, and Eq. (43) states that, at leading order in the w 2 expansion, only the particles with polarization J z = ±2 contribute to χ b2 decay into two transversely-polarized vector mesons. Similarly, one finds
The factorization of the matrix elements (35) implies that the decay rate also factorizes.
For the decays of χ b0 and χ b2 into two pseudoscalar mesons or two longitudinally-polarized vector mesons, we find
where A = P, V L . For the decay of χ b2 into two transversely-polarized vector mesons, one finds the decay rate by summing over the possible transverse polarizations:
In the case of η b decay into a pseudoscalar and a longitudinally-polarized vector meson, we find
Note that we are working in the limit m c → ∞, where the m D * −m D mass splitting vanishes.
The factorized formulas Eqs. (35) and (45) - (48) are the main results of this paper. Each decay rate of (45) - (48) depends on two calculable matching coefficients, C and T , and three non-perturbative, process-independent matrix elements, namely, two D-meson distribution amplitudes and the bottomonium wavefunction. In Sec. V we will provide a model-dependent estimate of the decay rates (45) -(48) and will discuss the phenomenological implications.
We conclude this section by observing that all the non-perturbative matrix elements cancel out in the ratios Γ(χ b0 → P P )/Γ(χ b2 → P P ) and
the spin symmetry of pNRQCD guarantees R
(0), at leading order in EFT II .
Neglecting the χ b0 -χ b2 mass difference, we find, up to corrections of order w 2 ,
with A = P, V L .
B. Running
The dependence of the matching coefficient T (ω,ω, µ, µ ′ ; 2S+1 L J ) and of the operators in Eqs. (45) - (48) on the scale µ ′ is driven by a RGE that can be obtained by renormalizing the EFT II operators. The RGE for the EFT II operators, which also defines the anomalous dimension γ EFT II , is similar to Eq. (10),
To calculate the anomalous dimension at one loop, we compute the divergent part of the diagrams in Figs. 6 and 7. As mentioned in Sec. II, the pNRQCD Lagrangian has the following structure,
where the superscript usof t indicates that the gluons in the NRQCD Lagrangian are purely
, while L pot contains four-fermions operators, which are non-local in space,
At leading order in α s (m b w) and r, V is the Coulomb potential
For the explicit form of higher-order potentials, see, for example, Refs. potentials give divergences proportional to subleading operators, which can be neglected.
The second diagram in Fig. 6 yields a result completely analogous to the last term in Eq.
(13), with the only difference of a color pre-factor,
This divergence is completely cancelled by the b-quark field renormalization constant Z b , and hence the pNRQCD diagrams in Fig. 6 do not contribute to the anomalous dimension at one loop. On the bHQET side, the third diagram in Fig. 7 is convergent, and hence it does not contribute to the anomalous dimension. The first two diagrams give
The diagrams for the bHQET copy in the n-direction give a result analogous to Eqs. (52) and (53), withω → ω,ω ′ → ω ′ , and n · v ′ →n · v. Extracting γ EFT II from the divergence is again standard, just as we did in the case of γ EFT I . After adding to Eq. (53) the bHQET field renormalization constants Z h and Z ξ for heavy and light quarks
we find
The term proportional to γ F in Eq. (54) reproduces the running of
responsible for the running of the D-meson distribution amplitudes and it agrees with the result found in Ref. [36] . Also, in Eq. (55) the coefficient of ln µ ′ is proportional to Γ cusp (α s ).
Note that, since the bHQET Lagrangian is spin-independent, the anomalous dimension does not depend on the spin or on the polarization of the D meson in the final state, at leading order in the power counting.
Using Eqs. (50) and (54) we find the following integro-differential RGE for the operator
where we have dropped both the subscripts A, B, and the superscript 2S+1 L J , since γ O does not depend on the quantum numbers of the initial or final state. Using the fact that the convolution of
we can write an equation for the coefficient,
where the last line follows from the property of γ O at one loop,
as can be explicitly verified from the expression in Eq. (55).
Eq. (57) can be solved following the methods described in Ref. [36] . We discuss the details of the solution in App. A, where we derive the analytic expressions for T (ω,ω, µ, µ ′ ;
and T (ω,ω, µ, µ ′ ; 1 S 0 ), with the initial conditions at the scale µ 
V. DECAY RATES AND PHENOMENOLOGY
In Sec. IV A we gave the factorized expressions for the decay rates (45) - (48): We proceed now to estimate the decay rates (45) - (48) . In order to do so, we need to Unfortunately, at the moment there are not sufficient data on η b decays. Another way to proceed is to use the spin symmetry of the leading-order pNRQCD Hamiltonian, which implies R η b (0) = R Υ (0), and to extract the Upsilon wavefunction from Γ(Υ → e + e − ) = 1.28 ± 0.07 KeV [37] . Using the leading-order expression for Γ(Υ → e + e − ) [38] , one finds |R Υ (0)| 2 = 6.92 ± 0.38 GeV 3 , where the error only includes the experimental uncertainty.
The above value is in good agreement with the lattice evaluation by Bodwin, Sinclair, and Kim [39] and it falls within the range of values obtained with four different potential models, as listed in Ref. [40] . [39] . We use this value in our estimate.
For the pseudoscalar D-meson distribution amplitude we use two model functions widely adopted in the study of B physics. A first possible choice, suggested for example in Ref. [36] , is a simple exponential decay:
Another form, suggested in Ref. [42] , is
whereω = ω/µ ′ . The theta function in Eqs. (58) and (59) 
as shown in App. B. λ D and σ D in Eqs. (58) and (59) The first logarithmic moment σ D is given in Ref. [42] , σ D = σ B (µ ′ = 1 GeV) = 1.4 ± 0.4. We assume that the moments of the D * -meson distribution amplitudes fall in the same range as the moments of φ P (ω).
We evaluate numerically the convolution integrals in Eqs. (45) - (48 Figs. 8 -9 also describe the relation between the decay rate
According to Eqs. (46) and (47), the processes
show an analogous dependence on the first inverse moments of the light-cone distribution amplitudes, and they differ from Figs. 8 -9 by constant pre-factors. Therefore, we do not show explicitly their plots.
Qualitatively, Figs. 8 -9 show a dramatic dependence of the decay rate on the inverse moment λ D . Using Eqs. (45), (60) 
were known at all orders, the decay rate would be independent of the matching scales µ b and µ ′ c . However, since we only know the first terms in the perturbative expansions, the decay rate bears a residual renormalization-scale dependence, whose size is determined by the first neglected terms.
In Fig. 10 On the other hand, even after the resummation, the decay rate strongly depends on µ ′ c . We vary this scale between 1.2 GeV and 2.5 GeV and we observe an overall variation of about 50%. We expect the scale dependence to be compensated by the one-loop corrections to the matching coefficient T (ω,ω, µ, µ ′ ; 3 P J ). This observation is reinforced by the fact that the numerical values of the running factors U(µ b , µ) and V (µ ′ c , µ ′ ) (defined respectively in Eqs. (26) and (A6)) at NLL accuracy are smaller than expected on the basis of naive counting of the logarithms. As a consequence, the next-to-leading-order corrections to the matching coefficient could be as large as the effect of the NLL resummation. In the light of Fig. 10 , the one-loop correction to T (ω,ω, µ, µ ′ ; 3 P J ) seems to be an important ingredient for a reliable estimate of the decay rate.
A third source of error comes from the unknown functional form of the D-meson distribution amplitude. For the study of the B-meson shape function, an expansion in a complete set of orthonormal functions has recently been proposed and it has provided a systematic procedure to control the uncertainties due to the unknown functional form [48] . The same method should be generalized to the B-and D-meson distribution amplitudes, in order to reduce the model dependence of the decay rate. We leave such an analysis to future work.
To summarize, the calculation of the one-loop matching coefficients and the inclusion of power corrections of order Λ QCD /m c appear to be necessary to provide a decay rate with an accuracy of 10%, that would make the decays
processes to improve the determination of λ D and σ D , if the experimental decay rate is observed with comparable accuracy.
We estimate the decay rate Γ(η b → P V L + c.c.) (48) The most striking feature of Fig. 11 is the huge sensitivity to the chosen functional form.
Though a precise comparison is difficult, due to the dependence on different parameters, the decay rate increases by two orders of magnitude when we switch from φ Exp to φ Braun .
Once again, this effect hinders our ability to predict Γ(η b → P V L + c.c.) but it opens up the interesting possibility to discriminate between different model distribution amplitudes.
Using Eqs. (48) assumes
We conclude this section with the determination of the branching ratios B(χ b0 → P P ) = Γ(χ b0 → P P )/Γ(χ b0 → light hadrons) and
. At leading order in pNRQCD, the only non-perturbative parameter involved in the inclusive decay width of the [51]
where the color-octet matrix element has been expressed in terms of the heavy quarkonium wavefunction and of the gluonic correlator E, whose precise definition is given in Ref. [50] . E is a universal parameter and is completely independent of any particular heavy quarkonium state under consideration. Its value has been obtained by fitting to existing charmonium data and, thanks to the universality, the same value can be used to predict properties of bottomonium decays. It is found in Ref.
[50] E = 5.3
The matching coefficients in Eqs. (62) and (63) are known to one loop. For the updated value we refer to Ref. [52] and references therein. For reference, the tree-level values of the coefficients are as follows [4] :
With the above parameters, we plot B(χ b0 → P P ) and B(η b → P V L +c.c.) as a function of λ D andλ D , respectively, in Fig. 12 . Over the range of λ D we are considering, B(χ b0 → P P ) varies between 4 · 10 −5 and 4 · 10 −6 ; it is approximately one or two orders of magnitude smaller than the branching ratios observed in Ref. [25] for χ bJ decays into light hadrons. Our estimates indicate that observing the exclusive processes η b → DD * + c.c. and χ b → DD would be extremely challenging. A preliminary analysis for χ b → D 0D0 [54] suggests that the number of Υ(2S) produced at BABAR allows for the measurement of a 
VI. CONCLUSIONS
In this paper we have analyzed the exclusive decays of the C-even bottomonia into a pair of charmed mesons. We approached the problem using a series of EFTs that lead to the factorization formulas for the decay rates (Eqs. (45) - (48)), valid at leading order in the EFT power counting and at all orders in α s . We improved the perturbative results by resumming Sudakov logarithms of the ratios of the characteristic scales that are germane to the dynamics of the processes.
The decay rates (45) - (48) show that, for the decays of charmonium into light hadrons, the expected suppression of the subleading twist processes is not seen. It is interesting to see whether such an effect appears in bottomonium decays into two charmed mesons, using the EFT approach of this paper to evaluate the power-suppressed decay rates.
Finally, in Sec. V we used model distribution amplitudes to estimate the decay rates.
The most evident, qualitative feature of the decay rates is the strong dependence on the parameters of the D-meson distribution amplitude. Even though this feature may prevent us from giving reliable estimates of the decay rates or of the branching ratios, it makes the channels analyzed here ideal candidates for the extraction of important D-meson parameters, when the branching ratios can be observed with sufficient accuracy.
APPENDIX A: SOLUTION OF THE RUNNING EQUATION IN PNRQCD + BHQET
The RGE in Eq. (57) can be solved by applying the methods discussed in Ref. [36] to find the evolution of the B-meson distribution amplitude. We generalize this approach to the specific case discussed here, where two distribution amplitudes are present. Following
Ref. [36] , we define
Lange and Neubert [36] prove that
ψ is the digamma function and γ E the Euler constant. Eq. (A1) is valid if −1 < Re a <
Exploiting (A1), a solution of the running equation Eq. (57) with initial condition
The function f (ω, µ ′ , µ ′ 0 , ξ) has the same form as f (ω, µ ′ , µ ′ 0 , η) and is obtained by replacing
The integrals over α can be performed explicitly using the beta function in Eq. (28) . The result is
Where, at NLL,
with r = α s (µ ′ )/α s (µ 
cusp we use n f = 3. Eq. (A4) is the solution for the initial condition T (ω,ω, µ
the RGE for a generic initial condition, we express T as the Fourier transform with respect
where F [T ] denotes the Fourier transform of T . From the solution (A2)-(A4) it follows that
The Fourier transform of the matching coefficient in Eq. (A7) has to be understood in the sense of distributions [55] . That is, we define the Fourier transform of T as the function of r and s that satisfies 
where the integral on the r.h.s. should converge in the ordinary sense because of the regularity properties of the D-meson distribution amplitude. As in Sec. IV, the subscript A denotes the spin and polarization of the D meson.
In the distribution sense, the Fourier transform of the coefficient 1/(ω +ω) is 
where R = r + s, S = r − s, and the factor 1 2 comes from the Jacobian of the change of variables. The hyperbolic secant is defined as sech = 1/ cosh. Similarly, we find
The δ function in Eq. (A11) has complex argument. The definition is analogous to the one in real space [55] , (δ(R + i), ϕ(R)) = ϕ(−i) .
Using Eqs. (A11) and (A12), we can perform the integral in Eq. (A7), obtaining respectively T (ω,ω, µ, µ ′ ; 3 P J ) and T (ω,ω, µ, µ ′ ; 1 S 0 ). In order to give an explicit example, we proceed using Eq. (A11). Integrating the δ function we are left with
the lower half plan for ω >ω, obtaining 
with csc(gπ) = 1/ sin(gπ) and ψ is the digamma function. More compactly, we can express Eq. (A15) using the hypergeometric functions 4 F 3 and 3 F 2 , 
where we have introduced the constants that appear in the initial condition in Eq. (33) . In the same way, we obtain 
The matrix element of the heavy-and light-quark fields at a light-like separation z µ 0 = n · z 0n µ /2 defines the light-cone distributionφ 0 (n · z 0 , µ ′ ) in coordinate space:
Eqs. (B1) and (B2) implyφ 0 (0, µ ′ ) = 1. In the definitions (B1) and (B2) the subscript 0 is used to denote quantities in the D-meson rest frame. This convention is used in the rest of this Appendix. In the bottomonium rest frame, where the velocity label in light-cone coordinates is v = (n · v,n · v, 0) and the light-like separation is z µ = n · zn µ /2, we define
Suppose that Λ is some standardized boost that takes the D meson from v, its velocity in the bottomonium rest frame, to rest. It is straightforward to find the relations between the D-meson momenta in the two frames:
There is a similar relation for the light-cone coordinates, n · z 0 =n · v n · z .
With U(Λ), the unitary operator that implements the boost Λ, one can write
Comparing Eq. (B6) with (B4), we see thatφ(n · z, µ ′ ) =φ 0 (n · v n · z, µ ′ ). Note that in the bottomonium rest frame the normalization condition for the distribution amplitude is alsõ φ(0, µ ′ ) = 1.
In the main text of this paper we have used the D-meson distribution amplitudes in momentum space,
Using Eq. (B6), we can relate the two distributions:
φ(ω, µ ′ ) = 1 2π dn · z e iωn·zφ (n · z, µ ′ ) = 1 2π dn · z e 
